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Introduction
Primordial magnetic seeds, produced during the very early stages of the cosmological evolution (possibly as the result of fundamental, high-energy interactions), are a recognized crucial ingredient for the generation of large-scale magnetic fields (see e.g. Grasso & Rubinstein (2001) , Giovannini (2004) ). How can they be produced?
The most natural mechanism of primordial-seed production is, at least in principle, inflation. Even in vacuum, indeed, the electromagnetic field F µν is non-zero because of its quantum fluctuations. During inflation these tend to be frozen outside the horizon, and they are eventually amplified when they re-enter inside the horizon, after the end of the accelerated epoch. Thus, inflation should produce a primordial spectrum of large-scale electromagnetic fields, just like the inflationary amplification of the metric fluctuations produces scalar seeds for the CMB anisotropies.
Unfortunately, however, such a mechanism does not work when the electromagnetic field is minimally coupled to a conformally invariant geometry, represented by the metric
The reason is that, because of the conformal invariance of the four-dimensional Maxwell Lagrangian, √ −g g µα g νβ F µν F αβ , the canonical action for the quantum fluctuations turns out to be completely decoupled from the Correspondence to: gasperini@ba.infn.it ⋆ Permanent address.
geometry. If we write such an action (for instance in the radiation gauge A 0 = 0 = ∂ i A i ), we obtain indeed the quadratic form
(the prime denotes the derivative with respect to the conformal time η), and we are lead to free, oscillating, vacuum solutions for the electromagnetic (e.m.) fluctuations,
which are completely insensitive to the cosmological (even inflationary) expansion. So, there is no amplification of the fluctuations, and no production of e.m. seeds at all. How can we avoid this conclusion? There are various possibilities, at least in principle. We may assume, for instance, that:
1. the geometry is not exactly conformally flat, or that 2. the coupling of the e.m. fields to the geometry is not exactly conformally invariant, or that 3. there are non-conformal couplings to other background fields.
The string-cosmology mechanism belongs to the third point of this list. Before discussing it, it may be instructive to present a short review of the various (not necessarily alternative) attempts at breaking the conformal symmetry of the e.m. equations, so as to obtain a significant cosmological production of primordial magnetic seeds.
Inflationary seed production
The first (and simplest) possibility of the above list is to modify the geometry without modifying the Maxwell action, assuming for instance that the metric describes a Kasner-like, anisotropic expansion (Lotze 1990 ). However, this leads to an anisotropic seed production, which is strongly constrained by the present bounds on large scale anisotropy. Another (probably more realistic) example can be obtained by considering a higher-dimensional space-time manifold which is the product of 3 external and n internal (dynamical) dimensions, with scale factor a and b respectively, described by the metric:
The corresponding Maxwell action contains the coupling to the internal geometry,
and the internal scale factor b plays the role of a timedependent "pump field" for the amplification of the (quantum) canonical fluctuations ψ i = b n/2 A i , which satisfy the evolution equation
It is possible to produce magnetic seeds (Giovannini 2000) , but this seems to require an expanding internal geometry, which may look not so natural.
If we want to keep instead a four-dimensional, conformally flat metric (which seems to be preferred by inflation, after all), we may resort to the second possibility of the previous list, breaking explicitly the conformal invariance of the Maxwell action. For instance, by adding direct, non-minimal couplings of the photon field to the geometric curvature, such as RF µν F µν , or R µν A µ A ν , or RA µ A µ , and so on (Turner & Widrow 1988 , Basset et al. 2000 . Terms like the last two, containing explicitly the vector A µ , break however the e.m. gauge invariance, and have to be strongly suppressed. We may also consider the breaking of conformal symmetry induced at the quantum level by the so-called "trace anomaly" of the e.m. stress tensor (Dolgov 1993) . In both cases there are, however, strong phenomenological constraints, and the allowed amplification of the e.m. fluctuations turns out to be small in a realistic model.
I should also mention a very recent attempt, based on the addition to the Maxwell action of non-conformally invariant boundary terms such as M −2 ∇ µ (A 2 ∇ 2 Kξ µ ) (K is the extrinsic curvature and ξ the conformal Killing vector), which may acquire non-trival dynamical effects in the context of an appropriate "trans-Planckian" model of high-energy gravitational interactions (Ashoorioon & Mann 2005) . The efficiency of such a breaking term, where seed production is concerned, seems to require, however, an effective mass M , which is about ten times smaller than the Hubble mass scale, M ∼ 10 −34 eV, and which corresponds to an enormous (and probably not very realistic, in my opinion) coupling constant M −2 .
The third, more conservative point of the previous list is based on the introduction of non-conformal-invariant couplings of the photon to some background field other than the metric. For instance:
-non-minimal coupling to the inflaton (Ratra 1992) ; -non-minimal coupling to the axion (Garretson, Field & Carrol 1992; Brandenberger & Zhang 1999) ; -coupling to the dilaton (Gasperini, Giovannini & Veneziano 1995; Lemoine & Lemoine 1995) ; -minimal coupling to charged scalar fields (Calzetta, Kandus & Mazzitelli, 1998 (Gasperini 2001 ).
This list is certainly incomplete, and I must apologize for the missing references. I hope, nevertheless, that the number of reported attempts may give a clear feeling of the importance of finding an efficient and realistic mechanism for the production of primordial magnetic seeds. The mechanism that is possibly in action in the string-cosmology context will be presented, with some details, in the next section.
Photon-dilaton interaction in string cosmology
The string effective action, which in principle describes the low-energy dynamics of all background fields, contains in general a direct coupling between the scalar dilaton field and the e.m. field that appears even at tree-level in the loop expansion, and to lowest order in the α ′ (higher-derivative) corrections:
Here φ represents the dimensionally reduced dilaton, which includes the proper volume of the internal dimensions (taking into account their possible dynamical contribution), and ǫ is a constant parameter that depends on the given string theory model. For instance, ǫ = 1 for the heterotic superstring, and ǫ = 1/2 for the Type I superstring (see e.g. Lidsey, Wands & Copeland (2000) ). For the above action, the canonical e.m. fluctuations ψ i = e −ǫφ/2 A i are coupled to the dilaton field, and are possibly amplified according to the evolution equation
It should be stressed that the main difference between this mechanism and other mechanisms of e.m. amplification is that the coupling to the dilaton appearing in the above equation has not been invented ad hoc, just to produce seed fields, but is rigidly prescribed by the chosen string theory model. Fig. 1 . Time evolution of the exponentiated dilaton, g = exp φ, and of the curvature scale H 2 , in a typical example of "minimal" string-cosmology scenario. The standard, radiation-dominated phase is preceded by a high-curvature string phase (extending from η s to η 1 ), and by a low-energy dilaton phase where both g and H 2 tend to zero as the time coordinate approaches −∞.
As a consequence, the presence of this coupling does not necessarily guarantee an efficient seed production, since the amplification process strongly depends on various details of the dilaton evolution. This suggests an interesting possibility: the existing phenomenological constraints on the process of seed production could be used as constraints on the various string theory models of the early Universe, and on the parameters of the string effective action.
In order to illustrate this possibility, I will consider here one of the simplest, typical examples of string-cosmology model: the so-called "minimal" pre-big bang scenario (see e.g. Gasperini & Veneziano (2003) ), illustrated in Fig. 1 . The curvature scale H 2 (the blue curve) grows in time during the dilaton-driven phase, reaches a maximum fixed by the string scale, and then decreases, following the usual behaviour of the standard (radiation-dominated) cosmoloy. The dilaton field g = exp(φ/2) (the red curve) keeps growing during the whole pre-big bang phase, and tends to be frozen in the subsequent phase of standard evolution. The primordial, pre-big bang regime includes an initial, dilaton-dominated phase whose dynamics is fully determined by the low-energy string effective action (Veneziano 1991; Gasperini & Veneziano 1993) , and a subsequent, highcurvature string phase (Gasperini et al. 1995; Brustein et al. 1995) , characterized by two unknown parameters: the duration z s = η s /η 1 (from the initial time η s to the final time η 1 ), and the acceleration, which we may express as the ratio between the initial and final values of the dilaton, g s /g 1 .
The computation of the amplified e.m. perturbations, for this class of models, leads to a two-parameter spectrum. Considering for the moment the heterotic model characterized by ǫ = 1, we obtain that the spectral energy density of the produced seeds, in critical units, can be written as (Gasperini et al. 1995) :
where 2ν = |1 − 2β|, and β is the constant power that controls the time evolution of the dilaton, exp(−φ/2) ∼ |η| β .
The two unknown parameters are the slope (3 − 2ν) and the extension (ω s /ω 1 ) of the high-frequency branch of the spectrum. The end point of the spectrum, however, is fixed, and is fully controlled by the fundamental ratio between string and Planck mass, M s /M P (which is expected to be a number of order 0.1, according to unified models of all interactions). It turns out, in particular, that the present value of the cut-off frequency is in the range ω 1 ∼ (M s /M P ) 1/2 10 11 Hz, and the present peak value of the spectrum is
where Ω r (t 0 ) is the present critical fraction of radiation energy density.
We are now in the position of considering the main constraints on the amplified seed spectrum. A first, modelindependent constraint is that the e.m. fluctuations should not destroy the large-scale homogeneity of the cosmological background, and should be treated as small perturbations with negligible back-reaction. This imposes the stringent constraint
to be satisfied at all times, and all frequency scales. A second, important constraint is that the amplification should be efficient enough to seed the cosmic galactic fields. This condition, however, is model-dependent, and just to give an idea I will present here a naive example assuming the existence of a standard galactic dynamo, operating since the epoch of galaxy formation. The required seed field is then ∼ 10 −19 Gauss, and the required energy density, assuming flux conservation, can be expressed in critical units as follows (Turner & Widrow 1988) :
The required coherence scale corresponds to a frequency scale that is roughly 10 4 larger than the scale of the present Hubble horizon, ω G (t 0 ) ∼ (1 Mpc) −1 ∼ 10 −14 Hz. The above two conditions can be well satisfied if we consider a minimal pre-big bang scenario based on the heterotic superstring model, and if we assume a realistic value of the fundamental string to Planck mass ratio not very different from the typical value M s /M P ∼ 0.1. The allowed region of the parameter space, satisfying the conditions (10), (11) imposed on the spectrum (9), is illustrated in Fig. 2 , where the left border line corresponds to the homogeneity condition, the upper-right border line to the condition for efficient seed production in the dilaton phase, and the lower-right border line to the condition for efficient seed production in the string phase. The mechanism is clearly successful, provided z s > ∼ 10 10 and g s /g 1 < ∼ 10 −20 , i.e. provided there is a large enough and fast enough growth of the dilaton during the string phase.
It may be important to stress that there are in principle independent checks of such a mechanism of seed production, based on the fact that the amplification of electromagnetic fluctuations is always associated with the amplifications of tensor metric perturbations, and to the consequent formation of a cosmic background of relic gravitons. The graviton spectrum is closely related to the electromagnetic spectrum, and the phenomenological constraints determining the allowed region for an efficient seed mechanism can thus directly affect the shape of the graviton spectrum. For the heterotic model, in particular, it turns out that there is no overlap between the region of parameter space corresponding to an efficient seed production, and the region corresponding to the formation of background of cosmic gravitons detectable by present (and advanced) generations of gravitational detectors (Gasperini 1996) . This conclusion may be evaded, however, in the context of string models with a photon-dilaton coupling parameter ǫ = 1. In that case the spectrum (9) is modified as follows,
with 2µ = |1 − 2ǫβ|, and the overlap between the allowed regions for photons and gravitons becomes possible, in principle. In any case, one can obtain independent tests of the considered string cosmology scenario.
Let us suppose, for instance, that the heterotic superstring model is the correct unified scheme for the description of our primordial Universe; let us also suppose that the next generation of gravitational antennas, such as LIGO or VIRGO, will detect a cosmic background of relic gravitons, fitting the minimal string-cosmology predictions: one must then deduce that there is no room, in such a context, for an efficient production of primordial magnetic seeds.
Vice versa, let us suppose that the cosmic gravitons will be detected, and that we will find some independent and direct confirmation that there is also the expected seed production: this would imply that the heterotic model is not the appropriate theoretical tool for the construction of a realistic cosmological scenario, and that models with ǫ = 1 are favoured instead. Work along these lines is currently in progress.
Conclusion
The inflationary production of primordial magnetic seeds is an interesting open problem of contemporary astrophysics.
String theory seems to suggest a possible solution based on the cosmological evolution of the dilaton, and on its coupling to the electromagnetic field. The consistency of this solution imposes non-trivial constraints and thus provides important (direct and indirect) information on the primordial history of our Universe, and on Planck/string scale physics and cosmology.
